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ON J. C. C. NITSCHE’S TYPE INEQUALITY FOR
HYPERBOLIC SPACE H3
DAVID KALAJ
Abstract. Let H3 be the hyperbolic space identified with the unit ball B3 =
{x ∈ R3 : |x| < 1} with the Poincare´ metric dh and assume that A(x0, p, q) :=
{x : p < dh(x, x0) < q} ⊂ H
3 is an hyperbolic annulus with the inner and
outer radii 0 < p < q < ∞. We prove that if there exists a proper hyperbolic
harmonic mapping between annuli A(x0, a, b) and A(y0, α, β) in the hyperbolic
space H3, then β/α > 1 + ψ(a, b), where ψ is a positive function.
1. Introduction
1.1. Background and statement of the main result. In this paper by A(a, b)
we denote the annulus {x ∈ Rn : a < |x| < b} in the euclidean space Rn, n > 2.
The unit ball is defined by Bn = {x ∈ Rn : |x| < 1} and the unit sphere is defined
by Sn−1 = {x ∈ Rn : |x| = 1} (here x = (x1, . . . , xn) and |x| =
√∑n
i=1 x
2
i ).
Fifty years ago J. C. C. Nitsche [14], studying the minimal surfaces and inspired by
radial harmonic mappings between annuli asked a question whether the existence
of a euclidean harmonic mapping between circular annuli A(a, 1) and A(α, 1) in
R2 is equivalent with the simple inequality
(1.1) α 6
2a
1 + a2
.
This question is answered recently in positive by Iwaniec, Kovalev and Onninen
in [5]. The Nitsche conjecture is deeply rooted in the theory of doubly connected
minimal surfaces. Some partial results have been obtained previously by Lyzzaik
[13], Weitsman [17] and the author [7]. On the other hand in [3] and in [9] is
treated the same problem for the harmonic mappings w.r.t hyperbolic and Rie-
mann metric in two-dimensional hyperbolic space and in two-dimensional Riemann
sphere respectively. In [9, 6] the author treated the three-dimensional case and ob-
tained an inequality for euclidean harmonic mappings between annuli on R3. The
n−dimensional generalization of conjectured inequality (1.1) is
α 6
2a
n− 1 + an
and is inspired by radial harmonic mappings
(1.2) f(x) =
Å
1− an−1α
1− an
+
an−1α− an
(1− an)|x|n
ã
x
between annuli A(a, 1) and A(α, 1) (c.f. [6]). The last conjectured inequality for
n > 3 remains an open problem.
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The existence of harmonic mappings between certain annuli in the two dimen-
sional euclidean space is deeply related to the existence of minimizers of Dirichlet
integral without boundary data for differentiable mappings between annuli. Further
it is shown in [2] that the minimizer of Dirichlet integral w.r.t. euclidean metric of
certain deformations between annuliA(a, 1) andA(α, 1) is a homeomorphism if and
only if the inequality (1.1) is satisfied. In this case the minimizer is the harmonic
diffeomorphism given by (1.2) (n = 2). See also [8, 10] for some generalization of the
previous problem to radial metrics. In multidimensional setting (when n > 3), the
minimization problem of Dirichlet energy without boundary data is essentially dif-
ferent from the case n = 2. It seems that in this case the minimization of n-energy
is more appropriate. Then the appropriate Euler-Lagrange equations reads as a
n−harmonic equation. In [4] Iwaniec and Onninen formulated a J. C. C. Nitsche
type inequality for n−harmonic mappings and shown that under these inequality
the absolute minimizers of Dirichlet energy are radial n−harmonic mappings. One
of advantages of n−harmonic mappings for n > 3 is that they are invariant under
Mo¨bius transformations of the space. This property the class of n−harmonic map-
pings share with hyperbolic harmonic mappings. Moreover hyperbolic harmonic
mappings are invariant under Mo¨bius transformations of the domain as well as of
the image domain.
In this paper we consider hyperbolic harmonic mappings between certain subsets
of the hyperbolic space H3. Li and Tam in [11, 12] established the existence and
regularity of proper hyperbolic harmonic mappings betweenHn ontoHm, satisfying
certain conditions in the ideal boundary Sn−1.
The purpose of this paper is to study J. C. C. Nitsche type problem for the
harmonic mappings between domains of the hyperbolic spaces H3.
In this paper we prove the following theorem:
Theorem 1.1. Let A = A(a, b), A′ = A(α, β) ⊂ B3, 0 < a < b < 1, 0 < α < β <
1 be spherical annuli endowed with the hyperbolic metric of the unit ball. If there
exists a proper hyperbolic harmonic mapping u of A onto A′ then
(1.3)
(1 − α2)2
4α(1 + α2)
log
ï
1 + β
1 + α
1− α
1− β
ò
≥
Å
−1 +
a
b
+ log
b
a
ã
:
Å
1 + log
1− a2
1− b2
ã
.
Recall that a mapping f : X → Y between two topological spaces is proper if
and only if the preimage of every compact set in Y is compact in X .
1.2. Hyperbolic harmonic mappings. In general, if the metrics of two non-
compact manifolds Mm and Nn are given locally by
ds2M =
m∑
i,j
gijdx
idxj
and
ds2N =
n∑
α,β=1
hijdu
αduβ
respectively, then the energy-density function of a C1 map u : M → N is defined
by
e(u)(x) =
m∑
i,j=1
n∑
α,β=1
gij(x)hαβ(u(x))
∂uα
∂xi
∂uβ
∂xj
,
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and the total energy of u is given by
E(u) =
∫
M
e(u)(x)dx.
The harmonic-map equation from M into N , which is the Euler-Lagrange equation
for critical points of the total energy functional, can be written as
∆uα(x) = −
m∑
i,j=1
n∑
α,β=1
Γαβγ(u(x))g
ij(x)
∂uβ
∂xi
∂uγ
∂xj
,
for all 1 6 α 6 m, where the Γαβγ are the Christoffel symbols of N . Here ∆
is Laplace-Beltrami operator on Mm. We refer to the monograph [15] for some
important properties of harmonic mappings.
The hyperbolic space Hn is identified with Bn = {x ∈ Rn : |x| < 1} with the
Poincare´ metric tensor given by
ds2
H
(x) =
4|dx|2
(1− |x|2)2
which in polar coordinates can be written as
ds2
H
(x) = 4
dρ2 + ρ2
∑n
i,j=2 gijdη
idηj
(1− ρ2)2
where ρ2 = |x|2 =
∑n
i=1 x
2
i and
∑n
i,j=2 gijdη
idηj is the standard metric tensor on
the unit sphere Sn−1.
Polar coordinates are natural to use when working with annuli. We associate
with any point x ∈ Bn◦ a pair of polar coordinates
(1.4) (r, ω) ∈ (0, 1)× Sn−1 ∼ Bn◦
where r = |x| is referred to as the radial distance and ω = x|x| as the spherical coor-
dinate of x . Obviously x = r ω and the volume element in polar coordinates reads
as dV (x) = rn−1 dr dHn−1(ω), where Hn−1 is the n − 1-dimensional Hausdorff
surface measure.
If the polar coordinates of a point x ∈ Bn are (r, ω), then the geodesic polar
coordinates are (2 tanh−1(|x|}, ω) and they will be of crucial importance for our
approach. In [11] Li and Tam computed the coefficients of tension field of a mapping
u(x) = r(x)Θ(x) = r(x)(θ1(x), . . . , θn(x)) : X→ Bn, X ⊂ Bm
in polar coordinates as follows
τ(u)1 =
(1− ρ2)2
4
∆0r
+
1
4
Å
2(m− 2)(1− ρ2)ρ
∂ρ
∂ρ
+
r(1 − ρ2)2(2|∇0r|
2 − (1 + r2)
∑n
p,q=2 hpq 〈∇0θ
p,∇0θ
q〉)
1− r2
ã(1.5)
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and
τ(u)s =
(1 − ρ2)2
2
(
∆0θ
s +
n∑
p,q=2
Γ˜spq 〈∇0θ
p,∇0θ
q〉
)
+
1− ρ2
2
Å
(m− 2)ρ
∂θs
∂ρ
+
(1 + r2)(1 − ρ2) 〈∇0r,∇0θ
s〉
r(1 − r2)
ã(1.6)
for s > 2. Here ∆0 denotes the euclidean Laplacian and ∇0 denotes the euclidean
gradient and the Γ˜spq denote the Christoffel symbols with respect to the standard
metric tensor of Sn−1. The mapping u is harmonic if τ(u)s = 0 for 1 6 s 6 n. We
will use only the relation (1.5). This in particular mean that, the results of this
paper can be formulated in slightly more general setting.
The set of isometries of the hyperbolic space is a Kleinian group subgroup
of all Mo¨bius transformations of the extended space R
n
onto itself denoted by
Conf(Bn) = Isom(Hn). We refer to the Ahlfors’ book [1] for detailed survey to
this class of important mappings. We recall that the hyperbolic metric dh(z, w) of
the unit ball Bn is defined by
tanh
dh(x, y)
2
=
|x− y|
[x, y]
,
where [x, y]2 := 1 + |x|2|y|2 − 2 〈x, y〉. In particular dh(0, x) = 2 tanh
−1(|x|). Since
the harmonicity is an isometric invariant, we obtain the following proposition.
Proposition 1.2. If u : X → Y is a harmonic mapping between the domains X
and Y of the unit ball and f, g ∈ Conf(Bn), then f ◦ u ◦ g is a harmonic mapping
between g(X) and f(Y).
Let x0 ∈ H
3 and assume that 0 < p < q <∞. Then the set A(x0, p, q) := {x ∈
H3 : p < dh(x, x0) < q} is called the hyperbolic annulus. Moreover A(0, p, q) =
A(p′, q′), p = tanh p
′
2 and q = tanh
q′
2 . Having in mind the previous observation,
together with Proposition 1.2 we obtain the following reformulation of Theorem 1.1
Theorem 1.3. Let A = A(x0, a
′, b′), A′ = A(y0, α
′, β′) ⊂ B3, 0 < a′ < b′ < ∞,
0 < α′ < β′ <∞ be spherical annuli endowed by hyperbolic metric of the unit ball.
If there exists a proper hyperbolic harmonic mapping u of A onto A′ then
(1.7)
β′
α′
> 1 +
sinh(2α′)
α′
log[coth a
′
2 tanh
b′
2 ] + coth
b′
2 tanh
a′
2 − 1
1 + 2 log[cosh b
′
2 sech
a′
2 ])
.
Remark 1.4. Since sinh(2α
′)
α′ > 2, from (1.7), we obtain the following
α′
β′
< ϕ(a′, b′) < 1, (c.f. (1.1), for n = 2 and euclidean metric) .
2. preliminary results
For a matrix A = {aij}
n
i,j=1 we define the Hilbert-Schmidt and geometric norm
as follows
‖A‖2 =
Ã
n∑
i,j
a2ij and ‖A‖ = sup{|Ax| : |x| = 1},
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respectively. Let λ21 6 . . . 6 λ
2
n be the eigenvalues of the matrix A
TA. Then
‖A‖2 =
Ã
n∑
i
λ2i and ‖A‖ = λn
and
detA =
n∏
k=1
λk.
We say that A is K-quasiconformal, where K > 1, if λn 6 Kλ1.
Lemma 2.1. There hold the sharp inequality
(2.1) |Ax1 × · · · ×Axn−1| 6
ï
K2
1 + (n− 1)K2
ò(n−1)/2
‖A‖n−12 |x1 × · · · × xn−1|,
where 1 6 K 6∞ is the constant of quasiconformality of A. If A is an orthogonal
transformation, then in (2.1) we have equality with K = 1. If A is singular, then
K =∞ and we make use of the convention K
2
1+(n−1)K2 =
1
n−1 .
Proof. Assume firstly that A is a nonsingular matrix. Then A is K−quasiconformal
for some K <∞. Let xi =
∑n
j=1 xijej, i = 1, . . . n− 1. Then
Ax1 × · · · × Axn−1 =
∑
σ
εσx1,σ1 . . . xn−1σn−1Ae1 × · · · ×Aen−1.
It follows that
(2.2) Ax1 × · · · ×Axn−1 = A˜(x1 × · · · × xn−1).
Here A˜ is the adjugate of A, which for nonsingular matrix A satisfies the relation
A˜ = detA · A−1. As A is K quasiconformal, A˜ is K quasiconformal as well. Let
λ21 6 . . . 6 λ
2
n be the eigenvalues of the matrix A
TA. A is K−quasiconformal if
and only if
(2.3)
λn
λ1
6 K.
From A˜ = detA ·A−1, it follows that
λ˜k = detA ·
1
λk
, and λ˜n 6 λ˜n−1 6 . . . 6 λ˜1
and consequently
λ˜1
λ˜n
6 K.
From (2.2) we obtain
(2.4) |Ax1 × · · · ×Axn−1| 6 ‖A˜‖ · |x1 × · · · × xn−1|.
Furthermore
(2.5) ‖A˜‖ = λ˜1 =
detA
λ1
=
n∏
k=2
λk.
On the other hand
(2.6) ‖A‖2 =
Ã
n∑
k=1
λ2k.
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From G–A inequality we have
∏n
k=2 λkÄ»∑n
k=1 λ
2
k
än−1 6 1(n− 1)(n−1)/2
Ä»∑n
k=2 λ
2
k
än−1
Ä»∑n
k=1 λ
2
k
än−1
=
Å
B
(n− 1)(B + λ21)
ã(n−1)/2
,
(2.7)
where B =
∑n
k=2 λ
2
k. Since λk is an increasing sequence, from (2.3) we have
(2.8) λ21 > λ
2
k/K
2, k = 2, . . . , n.
Summing the inequalities (2.8) we obtain
(2.9) λ21 >
B
(n− 1)K2
.
From (2.7), (2.9), (2.5) and (2.6) we obtain
‖A˜‖
‖A‖n−12
6
ï
K2
1 + (n− 1)K2
ò(n−1)/2
.
This in view of (2.4), completes the proof of inequality of lemma. To show the sharp-
ness of the inequality, takeA(x) = (x1,Kx2, . . . ,Kxn). Then A isK−quasiconformal.
Moreover
|Ae2 × · · · ×Aen| = K
n−1
and ï
K2
1 + (n− 1)K2
ò(n−1)/2
‖A‖n−12 |e2 × · · · × en| = K
n−1.
Since the set of singular matrices is nowhere dense and closed subset ofMn×n, for a
singular matrix A there exists a sequence of positive real numbers ǫk converging to
zero such that Ak = A+ǫkI is a nonsingular matrix, where I is the identity matrix.
Moreover the constants of quasiconformality Kk of Ak tend to ∞. By applying the
previous proof to Ak we obtain the inequality (2.1) for K = ∞. The inequality
(2.1) is attained for A(x) = (0, x2, . . . , xn). 
Proposition 2.2. Let u be a C1 surjection between the spherical rings A(a, b) and
A(α, β), and let Θ = (θ1, . . . , θn) = u/|u|. Let Pn−1 be a closed n− 1 dimensional
hyper-surface that separates the components of the set AC(a, b). Then
(2.10)
∫
Pn−1
‖DΘ‖n−12 dH
n−1 ≥ (n− 1)
n−1
2 ωn−1,
and
(2.11)
∫
A(a,b)
‖DΘ‖n−12 dV ≥ (n− 1)
n−1
2 (b− a)ωn−1,
where ωn−1 denote the measure of S
n−1 and DΘ = {θjxi}
n
i,j=1 is the differential
matrix of Θ. Moreover dHn−1 is the n− 1-dimensional Hausdorff surface measure
and dV is the volume element.
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Proof. Let Kn−1 be an n − 1-dimensional rectangle and let g : Kn−1 → Pn−1 be
a parametrization of Pn−1. Then the function Θ ◦ g is a differentiable surjection
from Kn−1 onto the unit sphere Sn−1. Then we have∫
Kn−1
DΘ◦gdV ≥ ωn−1.
(cf. [7, p. 245]). According to Lemma 2.1 (for K =∞), we obtain
DΘ◦g(x) =
∣∣∣∣DΘ(g(x))∂g(x)∂x1 × · · · ×DΘ(g(x))
∂g(x)
∂xn−1
∣∣∣∣
≤ (n− 1)
1−n
2 ‖DΘ(g(x))‖n−12 Dg(x).
Hence we obtain
(n−1)
n−1
2 ωn−1 ≤
∫
Kn−1
‖DΘ(g(x))‖n−12 Dg(x)dV (x) =
∫
Pn−1
‖DΘ(ζ)‖n−12 dH
n−1(ζ).
Thus we have proved (2.10). It follows that∫
A(a,b)
‖DΘ‖n−12 dV =
∫ b
a
Ç∫
Sn−1(0,t)
‖DΘ‖n−12 dH
n−1
å
dt ≥ (n−1)
n−1
2 (b−a)ωn−1.
The proof of the proposition has been completed. 
3. The proof of main result
One of key formulas follows from following lemma
Lemma 3.1. Let u(x) = r(x)Θ(x) : A → A′ be a hyperbolic harmonic mapping
between the domains A and A′ of the hyperbolic space Bn and assume that R(x) =
2 tanh−1(r(x)) and ρ = |x|. Then
(3.1) ∆0R+
2(n− 2)ρ
(1− ρ2)
∂R
∂ρ
=
sinh(2R)
2
‖DΘ‖22,
where ∆0 and ‖DΘ‖2 are euclidean Laplacian and Hilbert-Schmidt norm of differ-
ential matrix respectively.
Proof. Since u is harmonic, from the equation τ(u)1 = 0, where τ(u)1 is defined in
(1.5), we obtain
∆0r+
Ç
2(n− 2)(1− ρ2)−1ρ
∂ρ
∂ρ
+
r(2|∇0r|
2 − (1 + r2)
∑n
p,q=2 hpq 〈∇0θ
p,∇0θ
q〉)
1− r2
å
= 0.
Let g(q) = tanh(q/2). Then
∆0r = g
′′(R(x))|∇0R|
2 + g′(R(x))∆0R
and
|∇0r|
2 = (g′)2|∇0R|
2.
Since
2g
1− g2
= sinh(R) = −
g′′
g′2
it follows that
1
2
sech2
R
2
∆0R + (n− 2)sech
2R
2
ρ
1− ρ2
∂R
∂ρ
=
r((1 + r2)
∑n
p,q=2 hpq 〈∇0θ
p,∇0θ
q〉)
1− r2
,
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i.e.
∆0R+ 2(n− 2)(1− ρ
2)−1ρ
∂R
∂ρ
=
sinh(2R)
2
n∑
p,q=2
hpq 〈∇0θ
p,∇0θ
q〉),
which can be written as
∆0R + 2(n− 2)(1− ρ
2)−1ρ
∂R
∂ρ
=
sinh(2R)
2
‖DΘ‖22.

Proof of Theorem 1.3 (Theorem 1.1). Let α′ = 2 tanh−1 α and β′ = 2 tanh−1 β.
Let ϕk : [α
′, β′] 7→ [α′, β′] be a sequence of non decreasing functions, constant in
some small neighborhood of α′, for example in [α′, α′ + (β′ − α′)/k] and satisfying
the following conditions
(3.2) 0 ≤ ϕ′k(R)→ 1 and 0 ≤ ϕ
′′
k(R)→ 0 as k →∞
for every R ∈ [α′, β′]. (See [7]) for an example of such sequence). Let Rk be a
function defined on {x : a < |x| < b} by Rk(x) = ϕk(R(x)). Then
(3.3) ∆0Rk(x) = ϕ
′′
k(R(x))|∇R(x)|
2 + ϕ′k(R(x))∆0R(x).
Therefore
∆0Rk + 2(n− 2)(1 − ρ
2)−1ρ
∂Rk
∂ρ
= ϕ′′k(R(x))|∇R(x)|
2 + ϕ′k(R(x))∆0R(x)
+ ϕ′k(R(x))2(n − 2)(1− ρ
2)−1ρ
∂R
∂ρ
= ϕ′′k(R(x))|∇R(x)|
2 + ϕ′k(R(x))
sinh(2Rk)
2
‖DΘk‖
2
2.
Thus
(3.4) ∆0Rk + 2(n− 2)(1− ρ
2)−1ρ
∂Rk
∂ρ
> 0
for every k. By (3.3) and (3.2) it follows at once that
∆0Rk(x)→ ∆0R(x) as k →∞
for every x ∈ A(a, b). Similarly we obtain
∂Rk
∂ρ
(x)→
∂R
∂ρ
(x) as k →∞
uniformly on {x : |ζ| = s} for every s ∈ (a, b). By applying Green’s formula for Rk
on {x : a ≤ |x| ≤ s}, we obtain∫
|ζ|=s
∂Rk
∂ρ
dHn−1(ζ)−
∫
|ζ|=a
∂Rk
∂ρ
dHn−1(ζ) =
∫
a≤|x|≤s
∆0Rk dV (x).
Since the function Rk is constant in some neighborhood of the sphere |ζ| = a, it
follows that for a < s < b and large enough k∫
|ζ|=s
∂Rk
∂ρ
dHn−1(ζ) =
∫
a≤|x|≤s
∆0Rk dV (x).
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Therefore∫
|ζ|=s
∂Rk
∂ρ
dHn−1(ζ) +
∫
As
2(n− 2)(1− ρ2)−1ρ
∂Rk
∂ρ
dV (x)
=
∫
α≤|x|≤s
ï
∆0Rk + 2(n− 2)(1− ρ
2)−1ρ
∂Rk
∂ρ
ò
dV (x).
Further for ω ∈ Sn−1
lim
k→∞
∫ s
a
ρn
1− ρ2
∂Rk
∂ρ
(sω)dρ
= lim
k→∞
ï
snRk(sω)
1− s2
−
anRk(aω)
1− a2
−
∫ s
a
ρn−1(n+ 2ρ2 − nρ2)
(1− ρ2)2
Rk(ρω)dρ
ò
6
sn
1− s2
β′ −
an
1− a2
α′ −
∫ s
a
ρn−1(n+ 2ρ2 − nρ2)
(1− ρ2)2
α′dρ
=
sn
1− s2
(β′ − α′).
Therefore
∫
|ζ|=s
∂R
∂ρ
dHn−1(ζ) + 2(n− 2)
∫
Sn−1
sn
1− s2
(β′ − α′)dHn−1
> lim sup
k→∞
∫
a≤|x|≤s
ï
∆0Rk + 2(n− 2)(1− ρ
2)−1ρ
∂Rk
∂ρ
ò
dV (x).
(3.5)
By applying Fatou’s lemma, having in mind (3.4) and using (3.1), letting k → ∞,
we obtain
lim sup
k→∞
∫
a≤|x|≤s
ï
∆0Rk + 2(n− 2)(1− ρ
2)−1ρ
∂Rk
∂ρ
ò
dV (x)
>
∫
a≤|x|≤s
ï
∆0R+ 2(n− 2)(1− ρ
2)−1ρ
∂R
∂ρ
ò
dV (x)
=
∫
Sn−1
∫ s
a
ρn−1
sinh(2R)
2
‖∇Θ‖22dρdH
n−1.
(3.6)
From (3.5) and (3.6) we obtain∫
|ζ|=s
∂R
∂ρ
dHn−1(ζ) + 2(n− 2)
∫
Sn−1
sn
1− s2
(β′ − α′)dHn−1
>
∫
Sn−1
∫ s
a
ρn−1
sinh(2R)
2
‖∇Θ‖22dρdH
n−1.
(3.7)
It follows that
sn−1
∂
∂s
∫
|ζ|=1
R(sζ) dHn−1(ζ) +
∫
Sn−1
2(n− 2)sn
1− s2
(β′ − α′)dHn−1
≥
∫
Sn−1
∫ s
a
ρn−1
sinh(2R)
2
‖∇Θ‖22dρdH
n−1
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i.e.
sn−1
∂
∂s
∫
|ζ|=1
R(sζ) dHn−1(ζ) + 2(n− 2)ωn−1
sn
1− s2
(β′ − α′)
≥
∫
Sn−1
∫ s
a
ρn−1
sinh(2R)
2
‖∇Θ‖22dρdH
n−1
or what is the same
∂
∂s
∫
|ζ|=1
R(sζ) dS(ζ) + 2(n− 2)ωn−1
s
1− s2
(β′ − α′)
≥ s1−n
∫
Sn−1
∫ s
a
ρn−1
sinh(2R)
2
‖∇Θ‖22dρdH
n−1.
Integrating the previous expression w.r.t s on [a, b] we obtain
ωn−1(β
′ − α′) + (n− 2)ωn−1 log
1− a2
1− b2
(β′ − α′)
≥
∫ b
a
s1−n
∫
Sn−1
∫ s
a
ρn−1
sinh(2R)
2
‖∇Θ‖22dρdH
n−1ds
>
sinh(2α′)
2
∫ b
a
s1−n
∫
Sn−1
∫ s
a
ρn−1‖∇Θ‖22dρdH
n−1ds.
(3.8)
Now we put n = 3, which implies this simple fact n− 1 = 2. Combining now (3.8)
with Proposition 2.2 we obtain
(β′ − α′) + (n− 2) log
1− a2
1− b2
(β′ − α′) ≥ sinh(2α′)
∫ b
a
s−2(s− a)ds
and therefore
(3.9) (β′ − α′)
Å
1 + log
1− a2
1− b2
ã
≥ sinh(2α′)
Å
−1 +
a
b
+ log
b
a
ã
.
By using the formulas a′ = 2 tanh−1 a and b′ = 2 tanh−1 b, we obtain (1.7), for
x0 = 0 and y0 = 0. The general case follows from Proposition 1.2. By using the
following formulas
2 tanh−1 t = log
1 + t
1− t
and sinh(4 tanh−1 t) =
4t(1 + t2)
(1 − t2)2
,
we obtain (1.3). This finishes the required proofs. 
Example 3.2. Assume that
u(x) = r(ρ)
x
|x|
is a hyperbolic harmonic mapping. Then from (3.1), taking ρ = et, we obtain that
r(ρ) = tanh y(t)2 where y is a solution of the differential equation
y′′ + (2− n) coth(t)y′ =
(n− 1) sinh(2y)
2
.
Two of many possible solutions of the previous differential equation are y+(t) =
2 tanh−1(et) and y−(t) = 2 tanh
−1(e−t). The function y+ produces the identity
mapping u+(x) = x, while the function y− produces the inversion u−(x) = x/|x|
2.
ON J. C. C. NITSCHE’S TYPE INEQUALITY FOR HYPERBOLIC SPACE H3 11
Both are hyperbolic harmonic mappings, but the second one maps the comple-
ment of the unit ball onto the unit ball. Notice that both, the unit ball and its
complement, with appropriate metrics, can identify the hyperbolic space Hn.
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